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Abstract
Typically geometry courses for mathematics teachers use a lecture approach with little time for independent study.  We report on our approach to engage mathematics teachers in research.  This approach consists of the use of dynamic software to investigate a problem, and some derived problems, which are obtained by changing the condition(s) of the initial problem. Examples of teachers’ work will be presented. 

Context

In a college geometry course, future and current mathematics teachers are expected to do some experimental work in mathematics using dynamic software.  Here’s the description (as it appears in Martinez-Cruz’s syllabus) of students’ final project in his geometry class.

Geometry Theorem. The use of dynamic software “enables students to explore relationships dynamically so that they can see changes in geometric figures as they manipulate them [as well as to] analyze their measurements, and communicate their findings to others” (Teaching geometry with GSP, p.2).  By using dynamic software participants will engage in conjecture making, which in turn gives the opportunity to experience what the mathematics community is about (Chazan & Houde, 1989).  Participants are expected to “discover a new theorem” using dynamic geometry software.  “New” should be understood as result that we did not see in class, you read in a book, or you asked a classmate.  Do not panic!  In class we will model various techniques to pose new problems.  The Geometry Theorem Section (to be included in the portfolio) should include all the explorations related to it, findings and conjectures.  Attempts to prove the result should also be included.  This project is individual but you may work in groups of 2-3 and individually submit variations of one single discovery.  Presentations of research are scheduled for the last two weeks of the semester.  
Illustration of how to Extend Results
Students use GSP as a tool for observation, and generalizations.  Presentation of geometry content and explorations with the software go hand by hand,  For instance, students observe (with GSP) that the three medians of a triangle are concurrent (at the centroid, Fig. 1).  Next, they prove the result (and recreate the proof with the software).  Next, they are asked to compute the areas of the six small triangles formed with the centroid (Fig. 2).  Next, they prove the result.
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Fig. 1






Fig. 2
Below is a situation where students, use the software to explore other results.  
Problem Situation

Consider the following theorem that was found on the web.
Let ABCD be square.  Let H, I, J, and K be the centroid of triangles ABC, BCD, CDA, and DAB respectively.  Prove that HIJK is a square.

Using a script for the centroid, one can easily construct the situation.
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Proof 

Consider square ABCD.  Let X1 be the intersection of diagonals AD and BC.  Triangle AX1D is isosceles and, X1K 
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[image: image7.wmf]H

KX

1

D

, 
[image: image8.wmf]I

HX

1

D

, and 
[image: image9.wmf]J

IX

1

D

are isosceles, and therefore HIJK is a square.  
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Same Idea with a Parallelogram
We use a “what if” approach to modify the problems.  Several students propose to use familiar shapes like rectangles or rhombi.  A more general shape is that of a parallelogram.  Below is what the software produces in the case of ABCD being a parallelogram.  
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Proof
The proof of this result is similar to the proof of the square.  Let K be the intersection of diagonals DB and AC.  Prove that 
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. Hence HG || DC || AB || EF. Similarly, HF || GF.  Therefore, HEFG ~ DABC.
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Same Idea with Any Quadrilateral
Typically, students do not think of going “wild” with the shapes considered.  
The instructor has to invite them to consider other shapes.  Here is what the software produces with any quadrilateral.  Well, first of all, there is a little surprise.  The quadrilateral inside looks similar, but is rotated.  Here is what we have gained.  First, the result is strong enough to hold for any quadrilateral (actually it also holds for non convex quadrilaterals!)  Second, this situation illuminates a rotation that was not at all observed in the square or in the parallelogram.  
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Since the construction suggests that, let’s say, EF is parallel to AD.  We can look at similar triangles as before.  Consider 
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. AK is a median of triangle ABC, and KD is a median of triangle BCD.  Then 3EK = AK, and 3KF = KD.  Therefore, 
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, and EF || AD.  If we construct lines AB, EF and FG, we notice that we have a parallelogram and here opposite angles are congruent, therefore 
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One More Situation…
Notice that we are using triangles to form centroid.  A possible variation is to construct the triangles in a different way.  Here is a possibility, take an interior point, P, of a quadrilateral ABCD.  Use two consecutive vertices in the quadrilateral, and P to determine a triangle. Construct the centroid for the four triangles (APB, BPC, CPD and DPA) formed this way.  Let K, H, I, and J be the centroids, respectively.  One observes that quadrilateral HIJK is a parallelogram.  And that P does not need to be an interior point, nor ABCD needs to be convex.
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Proof

Again, the idea is to use similar triangles.  In this case, consider 
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, and IH || UT || DB.  Similarly, UT || DB.  And one can conclude UT || JK.  In a similar fashion, JI || KH.  
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Another Variation
Another variation came up recently, when the instructor was searching and found more problems on parallels for the class.  In one particular case, the problem asks to construct angles bisectors (DB and EA) in triangle 
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and then perpendiculars CG and CF to AE and DB respectively..  
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So, this idea of perpendiculars generated the following problem.
Let ABCD be a rectangle with diagonal AC. Construct the perpendiculars to AC from B and D.  Let I, and J the intersections with AC.  Construct the centroids of triangles ABI, BIC, CJD, and JCA, E, F, G, and H respectively.  
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What to investigate…
The original problem suggests to looking at the “inside square”.  However, here are other options to consider.  
1. Is there a relationship between the areas of the figures?

2. Is there a relationship between the perimeters of the figures?

3. What about if we consider other points (incenter, circumcenter, orthocenter or a combination of these) instead of the centroid?
4. What happens with other polygons?
Reflections and Conclusions
1. Students feel the final project is “impossible” at the beginning of the course.
2. The final project gives the students a sense of ownership of the mathematics.
3. The project promotes an inquisitive mind.

4. Several students have co-presented at national conferences their result.  

5. This project gets at the core of the teacher-researcher issue.
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