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   Many of the geometric curves studied in Euclid's time were not what we now call Euclidean constructions.  In fact many of them existed in theory only and did not exist in Euclidean geometry.  But the beauty of Sketchpad is that these curves can be easily constructed and studied using this software.  We give illustrations of four examples of these 'constructions' below.

The spiral of Archimedes (287-211 BC) 
   The spiral of Archimedes is defined as the locus of a point P which, starting from the end point A of a ray moves uniformly along this ray as the ray rotates uniformly about A from an initial horizontal position.

   Archimedes describes it thus: "If a straight line drawn in a plane revolves uniformly any number of times about a fixed extremity until it returns to its original position, and if, at the same time as the line revolves, a point moves uniformly along the straight line beginning at the fixed extremity, the point will describe a spiral in the plane".

   The equation of the spiral is r = ø. 

   The angle PAB may be divided into any ratio by dividing the line segment AP into the desired ratio AG and then constructing a circle with center A and radius |AG|. The intersection of the circle with the spiral is the desired angle.
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    The spiral may also be used to square the circle, by calculating pi. The line segment AQ (called the polar subtangent for point P) in the triangle is equal in length to the arc segment PR of the circle.
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The trisection of angles by Archimedes
   This sketch gives a simple variation on the method of Archimedes which uses circles and isosceles triangles instead of a marked ruler. 

   Choose Angle ABC acute and choose a point D on AB and construct a parallel line m to BC through D.  Choose a point E on line m to the 'right' of D and connect it to B, so that BE divides Angle ABC.  Construct a circle with center D and radius |DB|. At the intersection F of this circle with BE construct another circle with center F and radius |DF|.  

   Now move E to the intersection G of the 2nd circle with DE so that we have the order B-F-E. Connect D to F and observe that <DEB = <EBC, and <DBF = <DFB = 2<DEB = 2<EBC.
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The conchoid of Nicomedes (280-210 BC) 

   The conchoid (see below) is determined by using a line m which passes through a fixed point P (the pole) and intersects a fixed line d (the directrix).  Points A, B are taken on line m on each side of d and of equal distance a from d.  The conchoid is the locus of these points* (some people call only the curve away from P the conchoid) as m is moved about P (move D on d).  The curve nearest P has three different forms as a<b, a=b, or a>b, where b is the distance from the pole to the directrix (use the slider to change the value of a). 

*From: T. Heath,"Euclid,...", 2nd ed., Dover, 1956.
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Conchoid of Nicomedes
Trisection of an angle using the conchoid

   Given an acute angle, Angle ABC, drop a perpendicular from A to BC at D and construct a parallel line n to BC through A.  Construct a conchoid curve using B as the pole, AD as the directrix, and distance a = 2|AB|. The intersection point of the conchoid and the parallel line n through A determines the trisector BH of Angle ABC (move H to intersect with n).  This is easily seen by connecting A to the midpoint F of GH and studying the isosceles triangles AFH and AFB.
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The quadratrix of Hippias (b. 460 BC)
  "Given a square ABCD and quadrant BED of a circle centered at A (see below), suppose that a radius of the circle moves uniformly about A from the position AB to the position AD, and that in the same time the line BC moves uniformly, always parallel to itself, and with its extremity B moving along BA, from the position BC to the position AD. 

   Then the radius AE and the moving line BC determine at any instant by their intersection a point F.  The locus of F is the quadratrix."*

   "The property of the curve is that, if F is any point, the arc BED is to the arc ED as AB is to AB'.  In other words, if ø = Angle FAD, ∂ = |AF| and a = |AB|,  (∂sinø)/a = ø/(π/2).

   Now the angle EAD can not only be trisected but divided in any given ratio by means of the quadratrix.  For let AH be divided at K in the given ratio.  Draw KL parallel to AD, meeting the curve in L; join AL and produce it to meet the circle in N. Then the angles EAN, NAD are in the ratio of FK to KH, as is easily proved."*

   The point G is the idealized (limit) point of intersection of AE with AD, as they intersect in a line segment.  It has the property that |AG| = 2/π, the value of which can be used to square the circle, hence the name.  This follows from the observation that the curve has the equation y = xtan(yπ/2), for 0<y<1.  The discovery of the value of |AG| is attributed to Dinocratus. 

*From: T. Heath,"Euclid,...", 2nd ed., Dover, 1956.
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